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Map of economic and financial power in Europe
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An example of complex corporate structure
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A measure of power via shareholding size
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Problem of measuring the power of indirect 
control in corporations 

Suppose that companies A, B, C, and D have a share capital composed 

of 100 shares each. 
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How much power A has in D?
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A measure of "power via indirect control" given 

by the product of the appropriate power indices
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Unfortunately, this method can lead to situations where the total 

quota of shares in the controlled company exceeds 100!

A has (1/3)×(1) ×(1/4) = 1/12 of the power in D
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Measuring indirect power-control

The first to solve the problem of measuring power 

in the case of indirect control were Gianfranco 
Gambarelli and Guillermo Owen in:

GAMBARELLI G., OWEN G. (1994). Indirect control of 

corporations, International Journal of Game Theory, 23, 

287. 
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Contents

In our research, we critically examine the models of:

Gambarelli and Owen [1994],

Denti and Prati [2001, 2004],

Crama and Leruth [2007, 2013],

Karos and Peters [2015]

Mercik and Lobos [2016]

taking into account two, illustrative examples, one with 

an acyclic corporate structure and the other with a 

cyclic structure.
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Porsche-Volkswagen case
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Speiser and Baker case
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Preliminaries

Let N = {1, 2, …, n} be the set of all players. A cooperative n-person 
game in characteristic function form is an ordered pair (N, v), where v: 

2N → R is a real-valued function on the family 2N of all subsets of N 

such that v(∅) = 0. The real-valued function v is called the 

characteristic function of the game. Any subset S of N is called a 

coalition and v(S) is the worth of the coalition S in the game. 

A cooperative game v is monotonic if v(S) ≤ v(T) when S ⊂ T. A 

simple game is a monotonic game v (in N), which assumes values in 

the set {0, 1}: i.e. v(S) = 0 or v(S) = 1 for all the coalitions S ⊆T. In the 

first case, a coalition is said to be losing, in the second – winning. Let 

W(v) denote the set of all winning coalitions in game v. A player i is 

critical in a winning coalition S if v(S\{i}) = 0. A simple game is said to 

be proper, if and only if the following is satisfied: for all T ⊂ N, if v(T)=1, 

then V(N\T) = 0. A coalition S is called a minimal winning coalition if 
v(S) = 1, but v(T) = 0 for all T ⊂ S, T ≠ S. Wm(v) denotes the set of all 

minimal winning coalitions in v. Such a game can be defined either by 

W or equivalently by Wm. 



13
Preliminaries

The absolut Banzhaf index β, for any v and i∈N is is defined as:
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Preliminaries

The Johnston index. Denote by VC the set of all vulnerable coalitions. 

For any S∈ VC, by r(S) we denote the reciprocal of the number of 

critical players in S and we define ri(S) in the following way: if i is critical 

in S then ri(S) = r(S), otherwise ri(S) = 0. The raw (absolute) Johnston 

index is defined as: 

and the Johnston index is obtained after normalization, i.e.
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The Gambarelli and Owen model

� They developed a mathematical model to determine 

the control (direct or indirect) that coalitions of 
investors have in the firms within a closed

shareholding system. More precisely, they focused 

on determining the winning coalitions in a control 

structure.

� One of the advantages of this methodology is that 

it can be used with any power index.

� They devised a very refined process capable of 

transforming a set of various linked majority games 

into a single game. This method is based on the 

concept of a multilinear extension.
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The Gambarelli-Owen model ̶  Direct control

� Let N be the set of all companies and M be the set of all 
investors in a shareholding system. 

� Wj denotes the weighted majority game played in 
company j and it can be described by the set of all winning 
coalitions of shareholders in firm j, i.e. coalitions which hold 
the required majority of voting rights in j.

Direct control in a stock system is described by a 

formal game system (f.g.s.), i.e. a n-tuple
[W1, ..., Wn],

of simple monotonic games over the set N ∪ M.
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The Gambarelli-Owen model ̶ Indirect control

� Gambarelli and Owen provided a technique to 

obtain a consistent reduction. This technique 

relies on the idea of multilinear extensions

� In the cyclic case, the consistent reduction is not 

necessarily unique.

In order to consider indirect control, Gambarelli and 

Owen introduced a concept of a consistent reduction 
(a vector of voting games over a set of investors: (V1, 

..., Vn)).
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The Gambarelli and Owen model

� The Gambarelli and Owen model enables us to 

solve all concatenated games without cycles and a 

class of cyclic games. The model recognizes other 

games as being unstable

� In cases of instability, the Gambarelli and Owen 

model can only be interpreted via the intervention of 

exogenous factors to provide a statistical value; for 

example: the mean power index of the players 

involved in the cycle
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The Gambarelli and Owen model in Example 1

Considering direct control, we 

have the formal game system: 

W4= {{1} and supersets},
W5= {{2, 3, 4}, {3, 4, 7} and 

supersets}, 

W6= {{5} and supersets}

Thus, concerning indirect control: 121214 )1( xxxxxMLE =+−=

)( 727243 xxxxxx −+=

56 xMLE =

7432274374325 )1()1( xxxxxxxxxxxxMLE +−+−=

Solving this system of 3 equations with 7 variables by substituting

MLEj = xj (j = 4, 5, 6), we obtain …..
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The Gambarelli and Owen model in Example 1

14 xx =

)( 72724365 xxxxxxxx −+==
and the reduced extension: 

14 xRE =
)( 72724365 xxxxxxRERE −+==

x1 x2 x3 x7

0 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

1 1 0 0 0

1 0 1 0 0

1 0 0 1 0

0 1 1 0 0

0 1 0 1 0

0 0 1 1 0

1 1 1 0 1

1 1 0 1 0

1 0 1 1 1

0 1 1 1 0

1 1 1 1 1

)( 727231 xxxxxx −+Since : 1)( 727231 =−+ xxxxxx when: 

1731 === xxx

or

1321 === xxx or

17321 ==== xxxx

The consistent reduction:
V4 = {{1}},
V5 = V6 = {{1, 2, 3}, {1, 3, 7}, {{1, 2, 3, 7}}.
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The Gambarelli and Owen model in Example 1

Power index

Company 4 Company 5 and 6

Player 1 Player 1 Player 2 Player 3 Player 7

Shapley-Shubik 1 0.4166 0.0833 0.4166 0.0833

Absolute Banzhaf 1 0.3750 0.1250 0.3750 0.1250

Johnston 1 0.3889 0.1111 0.3889 0.1111
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The Gambarelli and Owen model in Example 2

Considering direct control, we have the 

formal game system: W1= {{4}},
W3= {{1, 2}, {1, 5}, {2, 5} and supersets},
W4= {{2, 3}, {3, 6}, {2, 5, 6} and supersets} 

Concerning indirect control: 41 xMLE =

521525121 2 xxxxxxxxx −++=
5211522515213 )1()1()1( xxxxxxxxxxxxMLE +−+−+−=

65326326536332653226535263

36525632653265324

)1()1)(1(

)1()1()1()1)(1(

xxxxxxxxxxxxxxxxxxxxxxxxxx

xxxxxxxxxxxxxxxxMLE

−−++=+−+−−+
−+−+−+−−=

Solving this system we obtain …..
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The Gambarelli and Owen model in Example 2
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As for , these functions can be reduced by lowering the exponents

of the variables xj (here, j = 2, 5, 6) to the first degree, i.e.:
jj xx =2 }1,0{∈jx

It is now necessary to evaluate the function REj. Because we are trying the find the set of 

winning coalitions, it is interesting to know when this function takes the value 1. Considering the 

values of the numerators and denominators of REj, we have the following cases
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The Gambarelli and Owen model in Example 2

Case x2 x5 x6 REj

1 0 0 0 0

2 0 0 1 0

3 0 1 0 0

4 0 1 1 0/0

5 1 0 0 0/0

6 1 1 0 1

7 1 0 1 0/0

8 1 1 1 1

Value of REj (j = 1, 3, 4) for xi (i = 2, 5, 6), , i.e. at the vertices of the unit hypercube

Eight consistent reductions: We find that the three simple

games in the consistent reduction must all be equivalent and

contain the following winning coalitions: {2, 5}, {2, 5, 6}. In

addition to this, they might contain one, two, all, or none of the

three following coalitions: {2}, {2, 6}, {5, 6}. So, there are

eight possible consistent reductions.

V1=V3=V4

1 {{2, 5}, {2, 5, 6}}

2 {{2}, {2, 5}, {2, 5, 6}}

3 {{2, 5}, {2, 6}, {2, 5, 6}}

4 {{2, 5}, {5, 6}, {2, 5, 6}}

5 {{2}, {2, 5}, {2, 6}, {2, 5, 6}}

6 {{2}, {2, 5}, {5, 6}, {2, 5, 6}}

7 {{2, 5}, {2, 6}, {5, 6}, {2, 5, 6}}

8 {{2}, {2, 5}, {2, 6}, {5, 6}, {2, 5, 6}}

But some of these consistent reductions are improper,
e.g. those with the two coalitions {2}, {5, 6} as in any

consistent reduction with these coalitions, the coalition

{2, 5, 6} is also present.

However, a much more serious problem is the occurrence of

conflicting consistent reductions, as in this example. More
precisely, a consistent reduction containing {2} but not {5, 6},

and another one with {5, 6} but not {2} are conflicting. If
investor 2 can put his creatures in control of the three

companies, he will be able to keep control indefinitely. If {5, 6}
can, acting jointly, put their creatures in control, they can

effectively shut investor 2 out. So, the result seems to hinge
on which investor(s) manage to move first.
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The Denti and Prati model

� Denti and Prati, compared to the Gambarelli-Owen 

approach, extend the set of winning coalitions to all 

alliances able to achieve control of the “target” firm. 

Namely, such a model is not limited to coalitions 
of investors alone, but also considers coalitions 
formed by companies, and by companies and 
investors together.

� They proposed an algorithm to check whether a 

preset coalition of firms, in a corporate 

shareholding structure either with or without loops, 

is winning or not
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The Denti and Prati model

Kołodziej and Stach in [2016] proposed a computer 

program based on the approach of Denti and Prati to 

enable simulations.

For a given corporate network, the program allows to perform a 
simulation that is able to:
� create a direct graph and the corresponding matrix 

representation of direct ownership
� find all minimal winning coalitions that control a preset 

coalition of firms
� find all winning coalitions that control a preset coalition of firms
� check whether a certain coalition of firms is able to control a 

preset coalition of firms or not
� illustrate via graphics the degree of control of the chosen 

coalition of firms on the rest of companies
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The Denti and Prati model in Example 1
with a majority quota of q = 80%.

Which alliances of firms 
can control Companies 
4, 5, and 6?

� No investor alone is able to 

control these companies. 

� There are two minimal winning coalitions of investors ({1, 2, 3} and {1, 3, 7}) that 

can control these companies, and

� three winning coalitions ({1, 2, 3}, {1, 3, 7}, and {1, 2, 3, 7}). 

� Porsche Family (1) and Lower Saxony (3) jointly do not manage to control 

companies 4, 5, and 6. It is necessary to cooperate with Qatar (2) or Others (7). In 

practice, as Others (7) represents the set of small undefined shareholders, an 

alliance with Qatar (2) seems to be a more reliable coalition. 
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Power of investors in Companies 4, 5, and 6 in 
Porsche-Volkswagen case

• Firms 1 and 3 have equal power. 

This is because both Firms 1 

and 3 belong to all winning 

coalitions, and they are critical 

members in these coalitions, 

whereas Firms 2 and 7 belong to 

only one minimal winning 

coalition each. 

• We see how powerful Lower 

Saxony (3) is in controlling 

companies {4, 5, 6}. With only 

20% of the voting rights in 

Volkswagen AG (5), Lower 

Saxony has equal power to 

Porsche Family (1), which alone 

controls Porsche SE (4) and, via 

this company, indirectly has 

50.7% of the voting rights in 

Volkswagen AG (5). 

Power 
index

Firm

1 2 3 7

α 0.4166 0.0833 0.4166 0.0833

β 0.3750 0.1250 0.3750 0.1250

γ 0.3889 0.1111 0.3889 0.1111

h 0.3333 0.1667 0.3333 0.1667

Winning coalitions ({1, 2, 3}, {1, 3, 7}, and {1, 2, 3, 7}). 
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Porsche-Volkswagen case: levels of control (in 
percentages) of Firms 1, 2, 7 in Companies 4, 5, 6

� Porsche Family (1) and Lower Saxony (3) jointly do not manage to control 

companies 4, 5, and 6. It is necessary to cooperate with Qatar (2) or Others (7). In 

practice, as Others (7) represents the set of small undefined shareholders, an 

alliance with Qatar (2) seems to be a more reliable coalition. 
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Power of investors in Company 6 in Porsche-
Volkswagen case

� Firm 5 alone manages to control 

Company 6, so this means that all 

coalitions that include Firm 5 are 

winning coalitions. Therefore, it is not 

surprising that Firm 5 is the most-

powerful according the Shapley-

Shubik, Banzhaf, and Johnston indices 

(see the table).

� However, the most-powerful according 

to the Holler index is Firm 3, which 

belongs to as many as four minimal 

winning coalitions, whereas Firm 5 is 

the least powerful, as it belongs to only 

one minimal winning coalition

� All of the indices give the same power 

to Firms 1, 2, 4, and 7. This is not 

surprising, as these firms are critical 

for the same number of winning 

coalitions (that is three), and they also 

belong to the same number of minimal 

winning coalitions. Specifically, each of 

these firms belongs to two minimal 

winning coalitions. 

Power 
index

Firm

1 2 3 4 5 7

α 0.050 0.050 0.167 0.050 0.633 0.050

β 0.068 0.068 0.205 0.068 0.523 0.068

γ 0,036 0,036 0.135 0,036 0.719 0,036

h 0.154 0.154 0.308 0.154 0.077 0.154

63 non-empty coalitions. Five of them are minimal winning 

coalitions ({5}, {1, 2, 3}, {1, 3, 7}, {2, 3, 4}, {3, 4, 7}), and 

forty-one are winning. 
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Power of investors in Company 5 in Porsche-
Volkswagen case

� Firm 3 is the most-powerful with accordance of 

all of the power indices, and all other players 

have differences in numbers but the same level 

of power 

Minimal winning coalitions {1, 2, 3}, {1, 3, 7}, {2, 3, 4}, {3, 

4, 7}), and 18 are winning. 

Power 
index

Firm

1 2 3 4 7

α 0.117 0.117 0.533 0.117 0.117

β 0.143 0.143 0.429 0.143 0.143

γ 0.130 0.130 0.482 0.130 0.130

h 0.167 0.167 0.333 0.167 0.167
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What will happen if we change q to 50% in 
Porsche-Volkswagen case?

� If we change the majority quota to q = 50% in the Porsche-Volkswagen case, we 

create a situation where Porsche Family (1) controls all companies (4, 5, 6); thus, 

there is only one minimal winning coalition ({1}) and eight winning coalitions. By 

the way, all of these winning coalitions contain Firm 1 (Porsche Family), and all 

power indices give a maximum power equal to 1 to Firm 1
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The Denti and Prati approach, Example 2 
(Baker and Speiser case)

• The presence of a loop in a 

corporate network creates some 

problems in certain approaches, 

but not in Denti and Prati. 

• No investor is able control all 

Companies (4, 5, 6) itself.

• In total, there are five losing 

coalitions: three singleton 

coalitions ({2}, {5}, {6}) and two 2-

person coalitions ({2, 6,{5, 6}) –

all with Firm 6. 

• There are two winning coalitions 

({2, 5} and {2, 5, 6}) but only one 

minimal winning coalition. 

• Players 2 (Speiser) and 5 (Baker) 

jointly control HealthMed (3), 

HealthChem (4), and Medallion 

(1). 
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Example 2: levels of control (in percentages) of 
Firms 2 and 5 in Companies 1, 3, and 4
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Power of investors in Company 3 in Baker and 
Speiser case

• There are five minimal winning coalitions 

that control this company: {1, 2}, {1, 5}, and 

{2, 5} (which control directly) and {2, 4} and 

{4, 5} (which control indirectly).

• Firm 6 is not critical for any winning coalition 

and does not belong to any minimal winning 

coalition, so it is a dummy player; in 

accordance to all of the power indices 

considered here, its power is equal to zero.

• Also, the most-powerful here are Firms 2 

and 5, as they obtain the same power.

• Firm 4 and Firm 1 (which is directly 

controlling by Firm 4) have the same power, 

but it is less than in Firms 2 and 5.

Power 
index

Firm

1 2 4 5 6

α 0.167 0.333 0.167 0.333 0

β 0.167 0.333 0.167 0.333 0

γ 0.143 0.357 0.143 0.357 0

h 0.200 0.300 0.200 0.300 0
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Power of investors in Company 4 in Baker and 
Speiser case

• The Holler index assigns the same power to 

four firms: 1, 3, 5, and 6. This is because each 

of these firms belongs to two minimal winning 

coalitions.

• All indices expect the Johnston index give the 

same power to Firms 3 and 6. Firms 3 and 6 are 

critical in the same number of winning 

coalitions. Thus, the Shapley-Shubik and 

Banzhaf indices assign the same power to 

Firms 3 and 6. 

Power 
index

Firm

1 2 3 5 6

α 0.117 0.3667 0.200 0.117 0.200

β 0.120 0.360 0.200 0.120 0.200

γ 0.089 0.433 0.200 0.089 0.189

h 0.182 0.273 0.182 0.182 0.182

• The coalitions in which Firm 6 is critical are generally more numerous than the coalitions in which 

Firm 3 is critical. Thus, the Johnston index, which is reciprocally proportional to the cardinality of the 

winning coalitions in which a player is critical, gives more power to Firm 3.

• Minimal winning coalitions: {2, 3}, {3, 6}, {1, 2}, {2, 5}, and 

{1, 5, 6} 

• Firm 2 is the most-powerful firm in accordance with all of 

the indices.

• All indices give the same power to Firms 1 and 5. (These 

firms are critical in three winning coalitions. Specifically, 

Firm 1 is critical in {1, 2}, {1, 2, 6}, and {1, 5, 6}, and Firm 5 

is critical in: {2, 5}, {2, 5, 6}, and {1, 5, 6})
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The Crama and Leruth approach
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Z is simply the Banzhaf index of firm j in the indirect 

game vt associated with firm t.

The Z index, proposed by Crama and Leruth to 

measure the amount of a priori voting power held by a 

investor j in the target company t.



38
The Crama and Leruth approach

The direct game gj for company j, is the weighted majority game 
with the player-set composed of all direct shareholders of firm j.

The indirect game vj is defined as the composition of the 
direct weighted majority games (g) associated with the direct 
shareholders of firm j. In particular, for all voting patterns

and j∈V, the corresponding indirect
game is defined recursively as follows: if j∈N, then vj(X) = xj , 
otherwise

n

nxxxX }1,0{)...,,,( 21 ∈=

where i1, i2, …, ik denote the direct shareholders of firm j∈V \ N.
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Calculation of vi (i = 4, 5, 6) based on the 
voting pattern in Example 1

Voting pattern Game

x1 x2 x3 x7 v4 v5 v6

0 0 0 0 0 0 0

1 0 0 0 1 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

1 1 0 0 1 0 0

1 0 1 0 1 0 0

1 0 0 1 1 0 0

0 1 1 0 0 0 0

0 1 0 1 0 0 0

0 0 1 1 0 0 0

1 1 1 0 1 1 1

1 1 0 1 1 0 0

1 0 1 1 1 1 1

0 1 1 1 0 0 0

1 1 1 1 1 1 1

N = {1, 2, 3, 7} and n = 4,

There are 24 = 16 different 

patterns ),,,( 7321 xxxx
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Calculation of vi (i = 4, 5, 6) based on the 
voting pattern in Example 1

Voting pattern Game

x1 x2 x3 x7 v4 v5 v6

0 0 0 0 0 0 0

1 0 0 0 1 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

1 1 0 0 1 0 0

1 0 1 0 1 0 0

1 0 0 1 1 0 0

0 1 1 0 0 0 0

0 1 0 1 0 0 0

0 0 1 1 0 0 0

1 1 1 0 1 1 1

1 1 0 1 1 0 0

1 0 1 1 1 1 1

0 1 1 1 0 0 0

1 1 1 1 1 1 1
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Values of the Crama-Leruth Z index in Example 1

0.375

0.125

0.375 0.125
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Crama-Leruth approach, Example 2

For a shareholding structure with loops, the index Z is 

not well defined and, for this reason, Crama and Leruth 

proposed a heuristic approach to calculating the 

influence of a firm-investor in a company.

In the presence of cycles, they proposed an iterative 

procedure called MIX, in order to attempt to find a 

stable voting pattern and estimate the value of the 

game when the outcome of the game gi is not perfectly 

defined.
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A stable pattern

A voting pattern is stable if

for each j player.

n

nxxxX }1,0{)...,,,( 21 ∈=

)(Xgx jj =

The concept of a stable pattern is closely related to the 

concept of a “consistent reduction” as introduced by 

Gambarelli and Owen.
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Crama and Leruth approach in Example 2

Case
Player vote Game gi(x2, x5, x6) Summary
x2 x5 x6 g1 g3 g4

1 0 0 0 0 0 0 gi(0, 0, 0)=0 is perfectly determined for all i.

2 1 0 0
We cannot immediately deduce how firms (1, 3, 4) 
vote, and must resort to the MIX procedure.

3 0 1 0 0 0 0 gi(0, 1, 0) = 0 is perfectly determined for all i.

4 0 0 1 0 0 0 gi(0, 0, 1) = 0 is perfectly determined for all i.

5 1 1 0 1 1 1 gi(1, 1, 0) = 1 is perfectly determined for all i.

6 1 0 1
We cannot immediately deduce how firms (1, 3, 4) 

vote, and must resort to the MIX procedure.

7 0 1 1
We cannot immediately deduce how firms (1, 3, 4) 
vote, and must resort to the MIX procedure.

8 1 1 1 1 1 1 gi(1, 1, 1) = 1 is perfectly determined for all i.

For some voting patterns (x2, x5, x6), the values of gi(x2, 

x5, x6) for each i = 1, 3, 4 are perfectly defined, as in 

cases 1, 3, 4, 5, and 8 in the table below.
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Crama and Leruth approach in Example 2

Case
Player vote Game gi(x2, x5, x6) Summary
x2 x5 x6 g1 g3 g4

1 0 0 0 0 0 0 gi(0, 0, 0)=0 is perfectly determined for all i.

2 1 0 0
We cannot immediately deduce how firms (1, 3, 4) 
vote, and must resort to the MIX procedure.

3 0 1 0 0 0 0 gi(0, 1, 0) = 0 is perfectly determined for all i.

4 0 0 1 0 0 0 gi(0, 0, 1) = 0 is perfectly determined for all i.

5 1 1 0 1 1 1 gi(1, 1, 0) = 1 is perfectly determined for all i.

6 1 0 1
We cannot immediately deduce how firms (1, 3, 4) 

vote, and must resort to the MIX procedure.

7 0 1 1
We cannot immediately deduce how firms (1, 3, 4) 
vote, and must resort to the MIX procedure.

8 1 1 1 1 1 1 gi(1, 1, 1) = 1 is perfectly determined for all i.

For some voting patterns (x2, x5, x6), the values of gi(x2, 

x5, x6) for each i = 1, 3, 4 are not perfectly defined, as in 

cases 2, 6, and 7 in the table below.
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Crama and Leruth approach in Example 2

The MIX procedure for gi(x2, x5, x6), i = 1, 2, 3, (x2, x5, x6) = (1, 0, 0), (1, 0, 1), (0, 1, 

1), and initial voting patterns: (0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1) for firms 1, 3, 4
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Crama and Leruth approach in Example 2

Calculation of the expected values of gi(x2, x5, x6) for i =1, 3, 4 and (x2, x5, x6) = 

(1, 0, 0), (1, 0, 1), (0, 1, 1)
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Crama and Leruth approach in Example 2

Values of gi (i =1, 3, 4) for all possible voting patterns of players 2, 5, and 6
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Crama-Leruth approach, Example 2

0.625

0.125

0.375
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The Karos and Peters approach

Karos and Peters in [2015] model relations of indirect control in 
a shareholding structure in two equivalent ways:

� by the so called invariant mutual control 
structure (a map which assigns the set of 
controlled players to each coalition), and

� by a simple game structure (a vector of simple 
games) where each simple game indicates who 
controls the corresponding player. 

C

iv

C*
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Invariant mutual control structure

Φ
. 

A mutual control structure represents direct control in a 
shareholding structure. Formally, a mutual control structure C is 
a function assigning to each nonempty coalition
another coalition C(T) = S , such that each player of S is 
controlled by the coalition T and the following monotonicity 
condition holds:
- if T controls S, then any coalition containing T also controls S.

NT ⊆

A mutual control structure C is invariant if C satisfies the 
condition of indirect control, which states that for all 
coalitions R, S, T, if T controls S, and S and T jointly 
control R, then T indirectly controls R. An invariant mutual 
control structure is denoted by C*
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The Karos and Peters power index Φ

They propose a large class of indices, based on the 
concept of dividends, that satisfy four axioms (null
player, constant sum, anonymity, and transfer) and can 
measure the power of players in a shareholding network. By 
adding one more axiom, called the controlled player 
condition, they obtain a uniquely defined power index Φ.

)()()( NvvC C

i

Nk

C

kii −=Φ ∑
∈

σ for each Ni ∈

otherwise

)(SCi ∈

Equivalently, a mutual control structure C can be 

characterized by a simple game structure, 

1)( =Sv C

i
if i is controlled by S (               )

0)( =Sv C

i
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The Karos and Peters power index Φ

)()()( NvvC C

i

Nk

C

kii −=Φ ∑
∈

σ for each Ni ∈

1−≥Φ� Range

� The minimum value (−1) is obtained by the least 
powerful players, i.e. players who do not control 

any firm, but are controlled by at least one coalition
� For all investors the value of Φ are non-negative

� The sum of this index over all the players is equal 

to 0.
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Karos-Peters mutual control structure in Example 1

In this case, the mutual control structure C
is defined as follows: for any coalition

, we have: }7,...,1{=⊆ NS

Now, let us consider indirect control. Applying the updating 
procedure to C, see [13], we obtain the invariant mutual 
control structure C* as follows: 
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Karos-Peters simple game structure in Example 1.

NS ⊆

Since players 1, 2, 3, and 7 are not 

controlled by any coalition, for i = 1, 

2, 3, 7 and any we have

0)( =Sv C

i

For players i = 4, 5, 6 the simple games are defined by 
the sets of minimal winning coalitions

*C

iv

7}} 4, {3, 4}, 3, {2, 7}, 3, {1, 3}, 2, {1, {{5},=

7}}, 4, {3, 4}, 3, {2, 7}, 3, {1, 3}, 2, {{1, {{1}}, =

6
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Karos-Peters simple game structure in Example 1.

The σ index calculated for each player and simple game defined for Example 1

Now, we calculate the index
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Values of the Karos-Peters Φ index in Example 1

1.167

0.167

0.70 0.167

-0.83

-0.37 -1.00
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Karos-Peters approach, Example 2

0.88

0.18

0.62

-0.35

-0.6

-0.73
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The Mercik and Lobos approach

Mercik and Lobos in 2016 proposed a measure of 

reciprocal ownership, called the index of implicit 
power, as a modification of the Johnston power 

index. 

The implicit power index takes into account not only 

the power of the individual entities constituting the 

companies (investors), but also the impact of the 

companies themselves on implicit relationships.
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The Mercik and Lobos approach

Mercik and Lobos suggested a three-step algorithm to 

calculate the implicit power index. 

STEP 1. The absolute value of the Johnston index is calculated for 

each company, taking into account only direct ownership. 

STEP 2. For each shareholder-company, each value of the power index 

calculated in step 1 must be divided equally among all its shareholders. 

They call this first degree regression.

STEP 3. For each company, the absolute value of the implicit power 

index is calculated by summing up the appropriate values in the whole 

corporate network. For each investor, the absolute value of the implicit 

power index is calculated by summing up the appropriate values across 

the entire system of companies. Then, these absolute values are 

appropriately standardized to obtain the implicit power index of each 

shareholder
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Mercik-Lobos approach in Example 1

Step 1

Fractional critical defections and the value of the raw Johnston index

The last row of the table gives the distributions of absolute power in companies 4, 5, and 6, 

taking into account only direct control by shareholders

These units of power are shared 

equally between investors in Step 2
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Mercik-Lobos approach in Example 1

Step 2: the power of investors is augmented by a fraction according to indirect control

Step 3: The absolute and standardized values of the implicit power index are calculated
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Mercik-Lobos. Values of the implicit power index 

in Example 1

0.45

0.20

0.25 0.10

0.35

0.52 0.13
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Mercik-Lobos. Values of the implicit power index 

in Example 2

0.45

0.22

0.33

0.59

0.32

0.09
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Conclusions – Similarities between models

Consistent
reduction in 

Gambarelli-Owen 
approach

• The concept of a stable pattern in the 
method of Crama and Leruth is closely 
related to the concept of a consistent 
reduction

• the procedure of making a mutual 
control structure invariant, as defined 
by Karos and Peters, shows some 
resemblance to a reduction operation in 
the method of Gambarelli-Owen.
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Conclusions – Differences between models

Model Power index

Gambarelli-Owen …only considers the determination of winning 

coalitions.Denti-Prati

Crama-Leruth Banzhaf index

Karos-Peters Determine a large class of indices.  Φ index

Mercik-Lobos Johnston index



67

Calculation of power of players in 
shareholding systems 

Model

Gambarelli-Owen
…only calculates the power of investors in a 

target company.

Denti-Prati
… considers all of the firms involved in a 

corporate network.

Crama-Leruth
…only calculates the power of investors in a 

target company.

Karos-Peters … considers all of the firms involved in a 

corporate network and calculate the power in the 

entire systemMercik-Lobos
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Power in Porsche-Volkswagen case

Power index
Player (company) Player (investor)

4 5 6 1 2 3 7

Shapley-Shubik - - - 0.417 0.083 0.417 0.083

Crama-Leruth 0.375 0.125 0.375 0.125

Johnston index 0.389 0.111 0.389 0.111

Karos-Peters (Φ) -0.833 -0.367 -1.000 1.167 0.167 0.700 0.167

Implicit index 0.348 0.522 0.130 0.449 0.203 0.246 0.101

All models rank the 

investors (in terms of 

control power over 

companies) or companies 

(in terms of power in the 

whole system) in the same 

way. 
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Power of players in Speiser-Baker case

Power index
Player (company) Player (investor)

1 3 4 2 5 6

Karos-Peters (Φ) -0.733 -0.600 -0.350 0.883 0.617 0.183

Implicit index 0.088 0.324 0.588 0.451 0.333 0.216

Crama-Leruth Z - - - 0.625 0.375 0.125

All models rank the 

investors or companies 

in the same way. 
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Qualitatively equivalent indices
in semicomplete games

Complete

Weighted

Shapley-Shubik, Banzhaf and Johnston are ordinally equivalent
indices.

[Freixas, Marciniak and Pons, 2012].
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Open problems

Power index

Karos-Peters (Φ)

Implicit index

Crama-Leruth Z

Qualitatively equivalent 

indices
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Open problems

Interpretation of the 

values assign to

the companies

Power index

Karos-Peters (Φ)

Implicit index

More direct shareholders => more power ?
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Open problems

Lack of computer programs

to make calculations … 

Power index

Karos-Peters (Φ)

Implicit index

Crama-Leruth Z
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Indirect control in corporate networks
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